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1 Introduction




projection operator, BBGKY, Klimontovich





Dubin, $O$ ’Neil [11, 12]
Fokker-Planck
[13]















$\hat{\omega} \equiv \hat{\omega}_{+}+\hat{\omega}_{-}$ , (1)
$\hat{\omega}_{+} = \sum_{i=1}^{N_{+}}\Omega\delta(r-r_{i})$ , (2)
$\hat{\omega}_{-} = -\sum_{i=N_{+}+1}^{N_{+}+N-}\Omega\delta(r-r_{i})$ . (3)
$\hat{\omega}=\hat{\omega}(r, t)$ 2 $x-y$ $z$ $\delta(r)$ Dirac 2
$\Omega$ $\Omega$ , $\Omega,$ $i$




(2), (3) Euler (4), (5)
$\wedge$
$\frac{\partial}{\partial t}\hat{\omega}_{+}(r, t)+\nabla\cdot(\hat{u}(r, t)\hat{\omega}_{+}(r, t)) = 0$ , (4)
$\frac{\partial}{\partial t}\hat{\omega}_{-}(r, t)+\nabla\cdot(\hat{u}(r, t)\hat{\omega}_{-}(r, t)) = 0$ . (5)
(4) (5)
$\hat{u}$
$\frac{\partial}{\partial t}\hat{\omega}_{\pm}(r, t)+\nabla\cdot(\hat{u}(r, t)\hat{\omega}_{\pm}(r, t))=0$ . (6)
$\hat{u} = \hat{u}(r, t)=-\hat{z}\cross\nabla\hat{\psi}$, (7)
$\hat{\psi} = \hat{\psi}(r, t)$
$= \int dr’G(r-r’)\hat{\omega}(r’, t)$
$= \sum_{i}\Omega_{i}G(r-r_{i})$ , (8)
$G(r) = - \frac{1}{2\pi}\ln|r|$ , (9)
$\hat{u},\hat{\psi}$ 2 2 $z$ $G(r)$
2 Green
:
$\frac{\partial}{\partial t}\omega_{\pm}+\nabla\cdot(u\omega_{\pm})=-\nabla\cdot\Gamma_{\pm}(r, t)$. (10)
$\omega_{\pm} \equiv \langle\hat{\omega}_{\pm}\rangle$ , (11)
$\hat{\omega}\pm = \omega_{\pm}+\delta\omega\pm$ , (12)
$\langle\cdot\rangle$
$u \equiv \langle\hat{u}\rangle$ , (13)





[14], (12), (14) Euler (6)
$r_{\pm} = \langle\delta u\delta\omega_{\pm}\rangle$
$= - \int dr’F(r-r’)\langle\delta\omega’\delta\omega_{\pm}\rangle$ , (15)
$F(r) = \hat{z}\cross\nabla G(r)$ . (16)
$\delta\omega(r’, t)$ $\delta\omega’$ $\omega(r’, t)$ $\omega’$





$\omega\approx\nabla^{2}\psi\approx O(\epsilon^{0}) , u\approx\nabla\psi\approx O(\epsilon^{0}) , \nabla u\approx\nabla^{2}\psi\approx O(\epsilon^{0})$ ,
$\nabla\omega\approx O(\epsilon^{1/2}) , \delta\omega\approx O(\epsilon^{1/2}) ,\delta u\approx O(\epsilon^{1/2})$ ,
$\frac{\partial u}{\partial t}\approx O(\epsilon^{1/2}) , \frac{\partial\omega}{\partial t}\approx O(\epsilon^{1/2}) , \nabla\nabla u\approx O(\epsilon^{1/2})$ ,
$\Gamma\approx O(\epsilon)$ . (18)
$\epsilon$ 2) [8,9, 15]
Chavanis (10)
$O(\epsilon^{1/2})$ , $0(\epsilon^{3/2})$ $r_{\pm}$ $\epsilon$ (
)
(10) (12) (14) (6)
$\epsilon$
$\frac{\partial}{\partial t}\delta\omega_{\pm}+\nabla\cdot(u\delta\omega_{\pm})=-\delta u\cdot\nabla\omega\pm\cdot$ (19)
2 $u$ , $\nabla\omega\pm$
(19)
:
$\delta\omega\pm = -\int_{t_{0}}^{t}d\tau\delta u(r-u(t-\tau), \tau)\cdot\nabla\omega\pm$










$= - \int_{t_{0}}^{t}d\tau\int dr’\int dr"F(r-r’)F(r-u(t-\tau)-r")\cdot\nabla\omega\pm$
$\cross(\delta\omega(r", \tau)\delta\omega’\rangle$
$- \int_{t_{0}}^{t}d\tau\int dr’\int dr"F(r-r’)F(r’-u’(t-\tau)-r")\cdot\nabla’\omega’$
$\cross\langle\delta\omega(r", \tau)\delta\omega_{\pm}\rangle$ . (21)
(21) $\langle\delta\omega(r", \tau)\delta\omega’\rangle,$ $\langle\delta\omega(r", \tau)\delta\omega_{+}\rangle,$ $\langle\delta\omega(r", \tau)\delta\omega_{-}\rangle$





$-\omega(r", \tau)\omega$ . (22)






$r_{i}(t)-r_{i}(\tau) = l^{t}u(r_{i}(\tau’), \tau’)d\tau’+\xi_{i}$
$\approx u_{i}(t-\tau)+\xi_{i}$ . (24)
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$= (\omega_{+}(r", \tau)+\omega_{-}(r", \tau))\cross(\omega_{+}+\omega_{-})$
$- \frac{1}{N_{+}}\omega_{+}(r", \tau)\omega_{+}-\frac{1}{N_{-}}\omega_{-}(r", \tau)\omega_{-}$ , (25)
$N_{+\sum_{i}^{+N_{-}}\Omega_{i}\langle\delta(r"-r_{i}(\tau))\rangle}$ $=$ $\omega_{+}(r", \tau)+\omega_{-}(r", \tau)$ , (26)
$\omega_{+}(r", \tau) = N_{+}\Omega\langle\delta(r"-r_{i}(\mathcal{T}))\rangle$ , (27)
$\omega_{-}(r", \tau) = -N_{-}\Omega\langle\delta(r"-r_{i}(\tau))\rangle$ . (28)
$i=j$ $i\neq j$ (22)
$\langle\delta\omega(r", \tau)\delta\omega_{\pm}\rangle$
$= \pm\Omega\langle\delta(r"-r+u(t-\tau)+\xi)\rangle_{\xi}\omega_{\pm}$




$- \frac{1}{N_{+}}\omega_{+}(r", \tau)\omega_{+}’-\frac{1}{N_{-}}\omega_{-}(r", \tau)\omega_{-}’)$. (30)
(29), (30)
$\int dr’\langle\delta\omega(r", \tau)\delta\omega’\rangle = 0$, (31)
$\int dr\langle\delta\omega(r", \mathcal{T})\delta\omega_{\pm}(r, t)\rangle = 0$ . (32)
(21)
$- \int_{t_{0}}^{t}d\tau\int dr’\int dr"F(r-r’)F(r-u(t-\tau)-r")\cdot\nabla\omega_{\pm}$
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$\cross\langle\delta\omega(r", \tau)\delta\omega’\rangle$
$= - \Omega\int dr’F(r-r’)\int\frac{dk}{(2\pi)^{2}}\exp(ik\cdot(r-r’))\frac{\hat{z}\cross ik}{|k|^{2}}\cdot(\omega_{+}’-\omega_{-}’)\nabla\omega\pm$
$\cross[\pi\delta(k\cdot(u-u’))-\frac{ik\cdot(u-u’)}{|k\cdot(u-u’)|^{2}+v^{2}}]$ , (33)
$- \int_{t_{0}}^{t}d\tau\int dr’\int dr"F(r-r’)F(r’-u’(t-\tau)-r")\cdot\nabla’\omega’$
$\cross\langle\delta\omega(r", \tau)\delta\omega_{\pm}\rangle$
$= \pm\Omega\int dr’F(r-r’)\int\frac{dk}{(2\pi)^{2}}\exp(ik\cdot(r-r’))\frac{\hat{z}\cross ik}{|k|^{2}}\cdot\omega_{\pm}\nabla’\omega’$
$\cross[\pi\delta(k\cdot(u-u’))-\frac{ik\cdot(u-u’)}{|k\cdot(u-u’)|^{2}+v^{2}}]$ . (34)
$\Gamma_{\pm} = -\Omega\int dr’\int\frac{dk}{(2\pi)^{2}}\int\frac{dk’}{(2\pi)^{2}}\exp(i(k+k’)\cdot(r-r’))$
$\cross[\pi\delta(k\cdot(u-u’))-\frac{ik\cdot(u-u’)}{|k\cdot(u-u’)|^{2}+\nu^{2}}]$
$\cross\frac{\hat{z}\cross ik’}{|k’|^{2}}\frac{\hat{z}\cross ik}{|k|^{2}}. [(\omega_{+}’-\omega_{-}’)\nabla\omega\pm\mp\omega_{\pm}\nabla’\omega’]$ (35)
$F(r-q’-(u-u(q’))(t-\tau))$
$= \frac{1}{(2\pi)^{2}}\int dk\frac{\hat{z}\cross ik}{|k|^{2}}\exp(ik\cdot(r-q’-(u-u(q’))(t-\tau)))$ . (36)
(35) $\nabla\omega\pm$ $D(r, t)$ ,
$\omega\pm$ $V(r, t)$
$\Gamma\pm$ $=$ $-D$ . $\nabla\omega$ $V\omega\pm$ , (37)
$D = \Omega\int dr’\int\frac{dk}{(2\pi)^{2}}\int\frac{dk’}{(2\pi)^{2}}\exp(i(k+k’)\cdot(r-r’))$
$\cross[\pi\delta(k\cdot(u-u’))-\frac{ik\cdot(u-u’)}{|k\cdot(u-u’)|^{2}+v^{2}}]$
$\cross\frac{\hat{z}\cross ik’\hat{z}\cross ik}{|k|^{2}|k|^{2}}(\omega_{+}’-\omega_{-}’)$ (38)
$V = \Omega\int dr’\int\frac{dk}{(2\pi)^{2}}\int\frac{dk’}{(2\pi)^{2}}\exp(i(k+k’)\cdot(r-r’))$
$\cross[\pi\delta(k\cdot(u-u’))-\frac{ik\cdot(u-u’)}{|k\cdot(u-u’)|^{2}+\nu^{2}}]$








$\Gamma_{s\pm}(r) \equiv -D_{S}\cdot\nabla\omega_{\pm}\pm V_{s}\omega\pm$, (41)
$D_{s} = \frac{\Omega}{(2\pi)^{3}}(\frac{\pi}{L})^{2}\frac{1}{k_{\min}}\int dr’\frac{(u-u’)(u-u’)(\omega_{+}’-\omega_{-}’)}{|u-u|^{3}}$, (42)
$V_{s} = \frac{\Omega}{(2\pi)^{3}}(\frac{\pi}{L})^{2}\frac{1}{k_{\min}}\int dr’\frac{(u-u’)(u-u’)\cdot\nabla’\omega’}{|u-u|^{3}}$. (43)
$\frac{\partial}{\partial t}\omega_{\pm}+\nabla\cdot(u\omega_{\pm})=-\nabla\cdot\Gamma_{\pm}(r)$ (44)
$\Gamma_{s\pm}$ (37) $\omega+$ $\omega$-
[16,17]
(42) $L,$ $k_{\min}$ $L=gR$
$g$ $g\ll 1$ $g=1/4\pi$
$\Gamma_{S}(r) = \Gamma_{s+}+\Gamma_{s-}$
$= - \frac{\Omega}{R}\int dr’\frac{(u-u’)(u-u’)}{|u-u|^{3}}$
. $[(\omega_{+}’-\omega_{-}’)\nabla\omega-(\omega_{+}-\omega_{-})\nabla’\omega’]$ . (45)






$\Gamma_{s}(r)=-\frac{\Omega}{R}\int dr’\gamma[\omega, \psi;\omega’, \psi’]$ (47)
$\gamma$ $\omega,$ $\psi,$ $\omega’,$ $\psi’$
$\omega_{1eq\pm}=\omega_{0\pm}\exp(\mp\beta_{1eq}\Omega\psi_{1eq})$ . (48)































$\frac{dE}{dt} = \frac{1}{2}\int dr\int dr’G(r-r’)(\frac{\partial\omega’}{\partial t}\omega+\omega’\frac{\partial\omega}{\partial t})$
$= \int dr\psi\frac{\partial\omega}{\partial t}$ , (58)
$E \equiv \frac{1}{2}\int dr\psi\omega$




$\frac{dE}{dt}$ $=$ $\int dr\psi(-\nabla\cdot(u\omega)-\nabla\cdot\Gamma_{s})$
$= \int dr\nabla\psi\cdot u\omega+\int dr\nabla\psi\cdot\Gamma_{s}$
$= \int dr\nabla\psi\cdot\Gamma_{s}$
$= - \frac{\Omega}{R}\int dr\int dr’\nabla\psi\cdot\frac{(u-u’)(u-u’)}{|u-u|^{3}}\cdot[(\omega_{+}’-\omega_{-}’)\nabla\omega-(\omega_{+}-\omega_{-})\nabla’\omega’](61)$
(61) $r$ , r’
$\frac{dE}{dt} = -\frac{\Omega}{2R}\int dr\int dr’(\nabla\psi-\nabla’\psi’)\cdot\frac{u-u’}{|u-u|^{3}}$
$\cross(u-u’)\cdot[(\omega_{+}’-\omega_{-}’)\nabla\omega-(\omega_{+}-\omega_{-})\nabla’\omega’]$
$=$ $0$ . (62)
(61)
:
$\frac{dE}{dt} = \frac{dE}{dt}|_{D}+\frac{dE}{dt}|_{V}=0$ , (63)
$\frac{dE}{dt}$
$D$
$=$ $- \frac{\Omega}{R}\int dr\int dr’\nabla\psi\cdot\frac{(u-u’)(u-u’)}{|u-u|^{3}}$ . $(\omega_{+}’-\omega_{-}’)\nabla\omega$ , (64)
$\frac{dE}{dt}$
$v$
$=$ $\frac{\Omega}{R}\int dr\int dr’\nabla\psi\cdot\frac{(u-u’)(u-u’)}{|u-u|^{3}}$ . $(\omega_{+}-\omega_{-})\nabla’\omega’$. (65)
$\omega$ $\psi$ ((56) ), (64) (65)
$\frac{dE}{dt}$
$D$
$=$ $- \frac{\Omega}{R}\int dr\int dr’\frac{|\nabla\psi\cdot(u-u’)|^{2}}{|u-u’|^{3}}(\omega_{+}’-\omega_{-}’)\frac{d\omega}{d\psi}$ , (66)
$\frac{dE}{dt}$
$v$
$=$ $\frac{\Omega}{R}\int dr\int dr’\frac{|\nabla\psi\cdot(u-u’)|^{2}}{|u-u’|^{3}}(\omega_{+}-\omega_{-})\frac{d\omega’}{d\psi’}$ . (67)
$d\omega/d\psi\geq 0$





$S = -k_{B}H$ , (69)
$H$ $=$ $\int dr\frac{\omega_{+}}{\Omega}\ln\frac{\omega_{+}}{\Omega}+\frac{\omega_{-}}{-\Omega}\ln\frac{\omega_{-}}{-\Omega}+$const.
$=$ $\frac{1}{\Omega}\int dr\omega_{+}\ln\omega_{+}-\omega_{-}\ln|\omega_{-}|-2N\ln\Omega+$ const. (70)
$H$









$\frac{dH}{dt} = -\frac{1}{R}\int dr\int dr’v_{+}\cdot\frac{UU}{|U|^{3}}\cdot[(\omega_{+}’-\omega_{-}’)\nabla\omega_{+}-\omega_{+}\nabla’\omega’]$
$- \frac{1}{R}\int dr\int dr’v_{-}\cdot\frac{UU}{|U|^{3}}\cdot[(\omega_{+}’-\omega_{-}’)\nabla\omega_{-}+\omega_{-}\nabla’\omega’]$





$-\omega_{-}\omega_{+}’(v_{-}\cdot UU\cdot(v_{-}+v_{+}’)]$ . (73)
(73) $r$ $r’$










$\frac{dS}{dt} = \frac{dS}{dt}|_{D}+\frac{dS}{dt}|_{V}\geq 0$ , (75)
$\frac{dS}{dt}D$ $=$ $\frac{k_{B}}{R}\int dr\frac{\nabla\omega_{+}\cdot D\cdot\nabla\omega+}{\omega_{+}}-\frac{\nabla\omega_{-}\cdot D\cdot\nabla\omega_{-}}{\omega_{-}}$
$= \frac{k_{B}}{R}\int dr\int dr’\frac{|\nabla\omega_{+}\cdot(u-u’)|^{2}}{\omega_{+}}-\frac{|\nabla\omega_{-}\cdot(u-u’)|^{2}}{\omega_{-}}$, (76)
$ _{}V$ $=$ $- \frac{k_{B}}{R}\int drV\cdot\nabla\omega$




$\frac{dS}{dt}V=-\frac{k_{B}}{R}\int dr\int dr’\frac{|\nabla\psi\cdot(u-u’)|^{2}d\omega}{|u-u’|^{3}d\psi}\frac{d\omega’}{d\psi}$ (79)
(57)
$\frac{dS}{dt}V\leq 0$ . (80)
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$\beta<0$












2 $D$ (42) $V$ (43)
$\Gamma_{s\pm}=-D_{S}\cdot\nabla\omega_{\pm}\pm V_{s}\omega\pm$
The authors are grateful to Prof. Chavanis for helpful comments. JSPS
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